Abstract -In this paper a mass dimension one fermionic sigma model, realized by the eigenspinors of the charge conjugation operator with dual helicity (Elko spinors), is developed. Such spinors are chosen as a specific realization of mass dimension one spinors, wherein the non-commutative fermionic feature is ruled by torsion. Moreover, we analyse Elko spinors as a source of matter in a background in expansion. Moreover, we analyse Elko spinors as a source of matter in a background in expansion and we have found that such kind of mass dimension one fermions can serve not only as dark matter but they also induce an effective cosmological constant.
Introduction. -The concept of nonlinear sigma models has been extensively studied in the scientific literature in a broader context. The usefulness of such framework is widely evinced from the symmetries and interconnections among different areas that it allows. Usually, apart from outstanding applications in string theory (see [1] and references therein), non-linear sigma models have served to evidence the interplay between target spaces and Utiyama-Yang-Mills theories [2] .
A more subtle issue concerning sigma models is the underlying framework to relativistic fermions. The first order Dirac equation is certainly an additional element of difficulty. The description of the physical reality based upon matter (fermionic fields) and its interactions mediated by abelian and non-abelian gauge theories, however, has motivated the study of possible sigma models in the broader context of spinor theory [3] . In Ref. [3] , by exploring the so-called bispinor geometry associated to the bispinor algebra, it was shown that for a particular class of spinorswhose density and pseudo-scalar density are non-nullthe geometry of the physical observables space is given by a three-dimensional hyperbolic Robertson-Walker space.
Nearly ten years ago, the systematic study of Majorana spinors has been leading to the appreciation of mass dimension one spinor fields [4, 5] , called Elko 1 . This field satisfies the Klein-Gordon, but not the Dirac equation. 1 Eigenspinors of the charge conjugation operator with dual helicity [4] .
As a crucial property, these spinors are neutral, under local gauge interactions, by means of the requirement that they are eigenspinors of the charge conjugation operator. In fact, Elko interactions, with matter and gauge fields of the standard model, are suppressed by at least one order of magnitude regarding the unification scale, providing an ab initio origin of "darkness" of dark matter. In other words, interactions of Elko spinor fields are constrained to the Higgs field and gravitons, supplying a prominent direction towards physics beyond the Standard Model.
The theoretical formulation of completeness for these spinors is encoded in the (sub)groups (of the Lorentz group), which retain the underlying relativistic structure [6] . Starting from the usual concept of Dirac spinors as elements that carry the representation (1/2, 0) ⊕ (0, 1/2) of the Lorentz group, one can relate the different sectors of the representation space by means of the parity operator P . In the context of the full Lorentz group, P is a discrete symmetry and its implementation in a given spinorial formulation culminates in the standard Dirac dynamical equation [7] . Nevertheless, the two parts of the representation space can be also related through the so-called "Pauli matrices magic" [8] without reference to any discrete symmetry. In this context, the resulting dynamics is not provided by the Dirac equation, but rather by the Klein-Gordon equation only. Working out the particularities of such spinor field in the second quantisation program, a violation of the full Lorentz symmetry appears p-1 in the spin sums. Interestingly enough, it is possible to show that the spin sums, and therefore the whole formulation, is invariant under SIM(2) group transformations [6] : precisely the subgroups of the Lorentz group obtained by removing the discrete symmetries [9] . Additionally, Elko can be experimentally produced by Higgs interactions [10, 11] . 3M
In the standard model of particle physics, all regarded spinors are Dirac, Weyl or Majorana. Such spinors obey a first-order derivative field equation. This characteristic implies a quantum propagator that, for large momentum, is proportional to p −1 . This asymptotic behaviour of the associated propagator results, among other things, in the fact that mass dimension must be 3/2. Now, the unique kinematic operator that is satisfied by Elko is the KleinGordon equation, a second-order derivative field equation. For this case, for a large momentum, the quantum propagator is proportional to 1/p 2 , contradicting the previous case. The Klein-Gordon operator is the proper kinetic operator for Elko fields. We are, therefore, led to conclude that the mass dimension of the Elko field is one, rather than 3/2, as it would be usually expected for a fermionic field.
All the above mentioned physical aspects of these fields (mass dimension one, neutrality, spin 1/2) enable Elko spinors to be dark matter candidates, constructed from very first principles. Hence the systematic investigation of these dark matter candidates, slightly and safely departing from the usual quantum description has led us to the analysis of the mass dimension one fermionic sigma model presented here.
In this paper we construct and investigate a non-linear sigma model associated to mass dimension one spinor fields. Recent formal results point to the fact that there are many kinds of such spinors [12] . However, to fix ideas, we shall report to Elko spinors, which are prototypes of mass dimension one fermionic fields. By sigma model, we mean the mapping of the Minkowski space into a complete target space, performed by spinor fields, and its relationship with Utiyama-Yang-Mills theory. In this vein, bearing in mind the Grassmannian character of the spinor variable, we further endow the target space with torsion. We organise this paper as follows: in the next section we depict the general set up of nonlinear sigma model and its relation to non-abelian gauge theories, also endowed to torsion in order to encompass the non-commutative fermionic aspect. Moving forward, in Section III we construct a representative sigma model for mass dimension one fermions. In the final section we conclude. Whenever it is possible, we provide some starting points to the application of the general formulation in cosmology.
The general setup with torsion. -This section shall present a straightforward generalisation, regarding the interplay between nonlinear sigma models and nonabelian theories [13] , encoding torsion terms. As remarked in the Introduction, we envision further applications to a specific, although essentially fermionic, case.
We start, by depicting the general aspects, not particularising to mass dimension one fermionic fields immediately. Let {ξ i } be the canonical basis of a natural inertial frame in the target space Σ, and {dξ i } its dual basis. It is possible to split the target space geometry by defining an effective metric g ∈ sec(T p Σ) * × sec(T p Σ) * , where, as usual, p is an arbitrary point belonging to Σ, and sec T p Σ is a section of the tangent bundle of Σ at p, such that given φ = ϕ i ξ i , it yields (1) being ⊗ and ∧ the tensor and the exterior product, respectively. The geometrical splitting is, indeed, fulfilled by Eq.
(1). A direct computation of (1), taking into account the anti-symmetry relation between the two products, leads to
whereγ ij = γ ij − γ ji . By writing a given product as its commuting and anti-commuting counterparts, i. e.
It is worth to mention that a thorough classification of spinors based upon bilinear covariants in a spacetime wherein the metric has both symmetric and antisymmetric parts have been accomplished in [14] . A complete sigma model, in the sense of Eq. (3), can be thus studied, by means of the free Lagrangian
where Greek indexes stand for space-time coordinates. Obviously, in the usual commutative case, it yields
In this last case, the connection with Utiyama-Yang-Mills theories is determined by the requirement 
where the covariant derivative is given by
Besides, the contraction of the Riemann curvature tensor R i jkl with ∂ µ ϕ k ∂ ν ϕ l leads to the non-abelian field strength
Returning to the complete case, including the noncommutative sector, the functional variation of the Lagrangian leads to
where
and we have the explicit contribution of the torsion terms. Moreover, the general target space curvature tensor is given bỹ
Notice that, ifγ ij = 0, and requiring ∂ µ ϕ i , ∂ µ ϕ j = 0, (culminating with Λ m ij (ϕ) = 0), Eqs. (7) and (10) reduce to the usual case, as expected. Besides, as a matter of fact, it is not trivial (and, perhaps, not even insightful) to find the Yang-Mills counterpart of the geometric quantities as in (6) , for the case at hand. The important aspect to be stressed here is that, when commutativity is lifted in the target space, torsion terms are generated.
In order to envisage the implementation of an application, we depict some cosmological implications of the sigma model. We shall briefly present the main equations that must be considered, given a specific form for the target space fields. In a curved background the action containing the corresponding contribution of the sigma model Lagrangian (4) reads
where R is the Ricci scalar, κ = 8πG and h ij = g ij + 1 2γ ij can be obtained from the symmetric and anti-symmetric property of (3). The space-time metric is represented here byḡ µν and W (ϕ) stands for a self-interacting potential. The variation of action (11), with respect to the metric g µν , leads to the Einstein equations
where R µν is the Ricci tensor, and T µν is the canonical energy-momentum tensor corresponding to the matter content:
Variation with respect to ϕ k leads to the equation of motion for the fields
withΓ m ij given by (8) . It is straightforward to check that (14) reduces to (7), when the space-time metricḡ µν is the Minkowski flat metric and the potential is null. By specifying the fields ϕ i , and the potential W (ϕ), we can obtain the Friedmann equations from (12). An emergent universe, supported by a non-linear sigma model without torsion, was studied in [15] . In the context approached here, by taking advantage of the fact that h ij encodes torsion terms, it is quite plausible that the dynamics of the evolution will be changed.
Building up the sigma model. -Part of the structure of Elko spinors, λ, is built upon the requirement Cλ = ±λ being C the charge conjugation operator. There exists the self conjugated spinors λ 
, where the labels α and β denote different types of spinors and, clearly, the dual relation stands for both self and anti-self conjugated spinors. As a last necessary remark, we remember that there are four different Elko spinors: two of them corresponding to different states for the self conjugated case, and similarly to the anti-self conjugated case [4] . It is possible to provide a particular basis adapted to eigenspinors of the charge conjugation operator, related to the Majorana representation. Alternatively, we can use the chiral representation, paradigmatically explored in all the literature of Elko. Whatever the basis is chosen, it is worth to mention that our approach is basis independent. It is useful for our purposes to construct all the possible spinors as follows: let c i and d j be c-numbers and write
. Now let us decompose λ (and ¬ λ) in terms of the usual canonical basis (and its corresponding dual basis) as . In order to properly implement the sigma model to the case at hand, it is necessary to modify the tensor and exterior products, encompassing the fermionic character of the fields.
We start by defining the product⊗ in the following way: let S be the complex vector space generated by all the finite p-3 linear combinations of usual Cartesian products (v i ,
where v i and
are spanned by the respective canonical basis. Besides, take I as the subspace of S generated by
being k, l c-numbers and v i , u i , and so on, spanned by means of the canonical basis (similarly for the dual case). The product⊗ is defined by conjugating elements in the space S/I, and therefore Eqs. (17)- (19) ensure bilinearity. Hereupon, we shall pinpoint some important remarks in order to clarify the relevant properties of⊗. Obviously, a basis of S/I is given by {ξ i⊗
where ¬ w j and ¬ u j are just coefficients and, more importantly, we have defined the action on the basis as (ξ i⊗
It is important to stress that the product⊗ is unique, up to isomorphisms 2 . Fi-
} over the field C be the basis ofT andĨ the bilateral ideal generated by ξ i⊗
. The product ∧ acting onT/Ĩ is related to⊗ is, as expected, given by
We are now in position to implement the splitting of Eq.
(1), although this time endowed with the tilde products. Hence it yields
According to our previous construction, the fermionic decomposition along with the bilinearity of tilde products can be used in a fairly direct fashion. It is necessary, however, to call attention to the fact that the Fermi-Dirac statistics is a key feature of Elko formulation [4] , which one cannot preclude. Therefore in the adopted decomposition 
It is important to stress that the formal structure of the Elko spinors is constructed taking advantage of the spinor rest frame [4] . Therefore, it is quite conceivable to add a mass term in the above Lagrangian. Therefore, it reads
It serves as the starting point for the formulation of a mass dimension one fermionic sigma model. Generally speaking, the target space is undertaken as a coset space of the isometry by the isotropy group. In relevant cases torsion can be added to such coset spaces [17] . The Lagrangian (23) can be adjusted to encompass these situations, {ξ a } and { ¬ ξ b } being the bases in the fiber bundle formulation, accordingly. From the Lagrangian density (23), it is interesting to note that the torsion terms do affect the spin current density. In fact, the appearance ofγ i j terms in the expression below makes this point explicit:
We shall finalize by considering the Elko Lagrangian (23) as the source of matter, in a curved expanding background. Some care is necessary, in order to correctly write the corresponding action in such a case. First, we define the fields
, and introduce the covariant derivatives, by ∇ µ
where Γ µ are the spin connections coupling Elko spinors to the background metric. The action in a curved background reads 25) may serve as the starting point to apply the formulation presented here in the cosmological context. In particular, the quartic interaction appearing due to the (spin connection) torsion contribution (as in the usual fermionic case) is generated.
In order to show an explicit contribution coming from the symmetric and anti-symmetric part of the sigma model target space into the cosmological equations, let us take for simplicity a set of constant Elko spinor fields, such that ∂ µ 
p-4 A framework to a mass dimension one fermionic sigma model with g and γ representing the symmetric and antisymmetric components of h i j . It may sound as an oversimplification, however (as we shall see) this particularization leads to an relevant physical consequence. In a flat, homogeneous and isotropic FRW metric,ḡ µν = diag[1, −a(t) 2 , −a(t) 2 , −a(t) 2 ] the spin connections Γ µ can be determined as Γ 0 = 0 and Γ k = −ȧ 2 γ 0 γ k , where γ µ are the standard Dirac matrices and a dot stands for time derivative. Notice that, even for constant spinor fields, the spin connection term couples to the metric, through the term
2 a 2 I and, therefore, contributes with a time dependent term. The action (25) can be written as:
The Λ m term comes from the potential part, namely
λ λ, and represents a cosmological constant term, with a dependence on the mass of the Elko spinor field. The terms Λ S (t) and Λ A (t) stands for the symmetric and anti-symmetric contributions coming from the sigma model respectively, and can be writ-
) is a constant and H(t) =ȧ/a is the Hubble parameter. They act as an effective time varying cosmological constant, Λ ef f (t) = Λ S (t) + Λ A (t) − Λ m . At early times of cosmological evolution, when Λ S (t) + Λ A (t) > Λ m , the positive contribution from Λ ef f acts as an attractive gravitational field in the geometric side of the Einstein equation, leading to a decelerating universe. As the universe expands H(t) decreases. When the condition Λ S (t) + Λ A (t) < Λ m is reached the universe turns to be dominated by a negative Λ ef f , which implies a repulsive gravitational force, driven by a constant cosmological term Λ m , in perfect agreement to the ΛCDM model. It is straightforward to see that the constant parameters could be adjusted, in order to reproduce the transition from a decelerated to an accelerated expansion of the universe. A much more rich scenery concerns the study of Elko spinor fields dynamic coupled to the gravitational field [18] .
Concluding remarks. -We analyzed and studied a mass dimension one fermionic sigma model, realized by Elko spinors. A non-commutative fermionic feature was introduced by the prominent role of torsion. The effective connection (8) that rules the Euler-Lagrange equations (7) is defined with respect to the anti-symmetric part of the metric in the target space. Thereat, Elko spinors play the role of a source of matter in an expanding background.
By the very nature of mass dimension one fermions, the study of the action (25) concerning the sigma model for Elko spinors can provide further insights on the dark matter problem. However, it is also interesting to pursue questions concerning the sigma model itself. For instance, the study of the non-minimal coupling between the Riemann tensor and four Elkos, as in the standard realization of supersymmetric sigma models. Moreover, the usual N = 1 (D=4) supersymmetric sigma model case also imposes the necessity of a Kaehlerian target-space. Hence the investigation of what type of geometric condition may arise from the extension of the present work to the supersymmetric case is also in order. We shall delve these questions in the future.
